On Quasinormal Modes for Gravitational Perturbations of Regular Black Holes 



S. C. UlhoeQ 

Faculdade Gama, Universidade de Brasilia, 72444-^40, Setor Leste (Gama), Brasilia, DF, Brazil. 

In this paper we investigate gravitational perturbations of regular black holes. Such systems are 
solutions of Einstein equations that do not have a singularity at the origin of the coordinate system. 
However they still have events horizons depending on the values of the characteristic parameters of 
the solutions. When a black hole is perturbed, it oscillates. It gives rise to damped vibrating modes 
which are known as quasinormal modes. It is calculated the quasinormal frequencies of regular black 
holes using the third order WKB approximation for gravitational perturbations. The results are 
presented in tables [H HU [Till and [TV] 
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I. INTRODUCTION 

In 1957 Regge and Wheeler explored the stability 
of Schwarzschild solution over gravitational perturba- 
tions [l| . They discovered that it leads to a Schroedingcr- 
like equation with a specific effective potential and a fre- 
quency associated to the temporal dependence. Since 
then others perturbations for different systems have been 
analyzed and lead to similar equations Q. The frequen- 
cies in those equations can be calculated by means semi- 
analytic or numerical methods. Such frequencies are dis- 
crete and complex numbers which can be obtained by the 
imposition of specific boundary conditions such as the ex- 
istence of ongoing waves at the spatial infinity and ingo- 
ing waves at the event horizon . This is known as quasi- 
normal modes. These modes are damped oscillations of 
the spacetime geometry that can be used to investigate 
fundamental features of the gravitational field. The real 
part is related to the oscillation itself while the imagi- 
nary part is refers to the rate at each mode is damped. 
Therefore quasinormal modes may be important to grav- 
itational waves physics and it could become an environ- 
ment to study basic effects of quantum gravity since the 
quasinormal frequencies are discrete quantities. 

In what concerns black holes the presence of a funda- 
mental singularity can cause serious difficulties in making 
predictions which lead Einstein himself to doubt about 
the physical realization of the first solutions of the field 
equations of general relativity @ . Over the years a great 
effort has been directed to deal with such problem by 
means the development of the so called cosmic censor- 
ship hypotheses 0, [E| • The singularity would be inacces- 
sible to an observer outside the event horizon and always 
covered by it which allows the avoidance of a naked sin- 
gularity. This is a route to contour the problem, not to 
solve it, since the singularity, which is a place where no 
physics can be done, is still there. Perhaps this might be 
solved by the introduction of regular black holes. Such 
objects are interesting because they do not have a frmda- 
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mental singularity at the origin of the coordinate system. 
Event horizons can be present but they could be removed 
under some change of variables. 

The first regular solution of Einstein equations that 
describes a black hole was due to Bardeen who got his 
solution only approximatively @ . Later it was discovered 
that such a solution could be viewed as the gravitational 
collapse of a magnetic monopole to which a nonlinear 
electromagnetic energy-momentum tensor works as the 
source of field equations which were exactly solved 0j- 
Others regular solutions was obtained by the coupling of 
some matter field, such as scalar field, to gravitation in a 
cosmological context [§[ . Because of their singularity- free 
feature regular black holes could be great candidates to 
represent realistic final stages of collapsing regular config- 
urations such as a common star. Although the success of 
the computation of quasinormal modes of black holes or 
neutron stars, it has not been done for regular black holes 
for gravitational perturbations. This is exactly what it 
is intended to be studied in this paper. 

The paper is organized as follows. In section [TT| the 
general theory of black holes stability of a spherical sym- 
metric background metric for gravitational perturbations 
is summarized. The master equation and the effective po- 
tential are obtained. Then three different solutions are 
introduced, among then the Bardeen solution which was 
the first one describing a regular black hole. In section lLTTl 
the complex frequencies for each solution has been cal- 
culated. It was done using WKB approximation of third 
order, the results are then organized in tables I, II, II and 
IV. Finally in the last section the concluding remarks are 
presented. 



II. GRAVITATIONAL PERTURBATIONS OF 
REGULAR BLACK HOLES 



In this section we carry out a treatment to deal with 
a gravitational perturbation of regular black holes. A 
generic spherically symmetric background metric rj^, is 
defined by the line element 
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-/(r) dt 2 + f-\r) dr 2 +r 2 {d6 2 + sin 2 9d(j) 2 ) , (1) 



thus the metric tensor can be written as g^ v = rj^ v + 
/i M „. The perturbations h^v can be expanded in terms 
of the spherical harmonics which, in the Regge- Wheeler 
gauge 
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where Pi(6) are the Legendre polynomials. 

The perturbed Einstein equations are given by 
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where 



Thus, from eq. ([2]), the above equations yields 
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for the functions ho(r,t) and h\(r,t). 

If we use the definition i\> — (i) f(r)hi(r,t), then eqs. 
© and (jl]) can be combined into a single one which reads 



A. Bardeen Space-Time 

The Bardeen spacetime is settled by means the choice 



f(r) = 1 
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where a represents a magnetic monopole and m its mass. 
It was shown that Bardeen black hole can be obtained 
as an exact solution of Einstein equations coupled to a 
model of nonlinear electrodynamics Q . In other words it 
can be viewed as a system composed by a self-gravitating 
magnetic monopole of charge a and mass m. Such so- 
lution was first obtained only approximately and it was 
the first regular black hole ever proposed. 

An interesting feature of the Bardeen solution is that 
it can have zero, one or two horizons of events depending 
on the choice of the magnetic charge a. Although it is 
always a regular black hole at r = 0, it describes a regular 
spacetime only when the following inequality holds: 

2 ^ 16 2 
a < — m . 

~ 27 

There are lots of works in the literature concerning 
Bardeen black hole. Geodesic structure of test particles 
was studied in |9j , while the features of Bardeen solution 
as a gravitational lens was given in [loj . The quasinormal 
modes of such a spacetime, for scalar field perturbations, 
was calculated in [TTJ] . Here we intend to calculate the 
quasinormal frequencies for gravitational perturbations. 
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In order to put such equation in a more familiar form, 
we change the variable r to the "tortoise" coordinate, 
defined by dx 



-rfr, that leads to 
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dt 2 dx 2 
with the effective potential given by 
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The temporal dependence is assumed to be given by 

■ijj = e~' lut <f), thus we have 
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+ oj 2 - V(x) 



(x) = . 
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which is the master equation for gravitational perturba- 
tions of a spherically symmetric background metric. The 
choice of f(r) determines which spacetime we are deal- 
ing with. In the next subsections we introduce different 
solutions which are viewed as regular black holes. 



B. Solution II: Hayward solution 

Similar to Bardeen solution, the choice 



f(r) 
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(r 3 + 2L 2 m) 



also describes a regular black hole [12j. It is obtained 
in the context of nonlinear electrodynamics coupled to 
gravity, where the parameter L is a fundamental length 
scale related to the magnetic charge. Here we explore the 
quasinomal modes for gravitational perturbations for a 
specific choice of L. 



C. Solution III: coupling gravity to a phantom 
scalar field 



The following solution 
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is obtained in a cosmological context, when a phantom 
scalar field is coupled to Einstein equations, as an at- 
tempt to explain observational data concerning dark en- 
ergy. For details about the constants of the solution see 
ref. Q. For certain range of the above parameters such 
a solution describes a regular black hole. Indeed c, b and 
Po have to be positive numbers. 



III. QUASINORMAL MODES IN WKB 
APPROXIMATION 



The WKB method is a semi-analytic technique used to 
solve Schoedinger-type equations like eq. ©• Once the 
solution 4>(x) is known it is possible to use two conditions 
to properly establish it: it is requested that there are only 
ongoing waves at the infinity and only ingoing waves at 
the horizon of events. Usually the frequency in WKB 
approximation is written as [1 3j j 
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where Vq and V " are the effective potential and its second 
derivative respectively, taken at the point of the maxi- 
mum of V. The second term in the left-hand side of the 
above equation represents the higher order WKB correc- 
tions (from 2nd until the k-th order). In general a great 
feature of the WKB method is that it gets better and 
better as one take the higher orders of approximation 
(for low values of n and 1). As a matter of fact it is a 
very accurate procedure even when compared to numeric 
methods [l3j . 

In this paper we will work with WKB approximation 
of third order flij which is given by 
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Here /3 = n+ \ an d Vq = ^pr\ x =x - The point x$ is the 
solution of the equation ^t(xq) = 0, which means that it 
is a point of maximum of the effective potential. It should 
be noted that x is the well known tortoise coordinate. 

Using expression ([7]) it is possible to calculate the 
quasinormal frequencies which are presented in tables H] 
and im for Bardeen space-time. In tables [TTT1 and ITVl it is 
showed the results for solutions of subsections IIIBI and 
III Cl respectivelv which were obtained with the help of the 
same expression for u/ n j. All results refer to quasinormal 
modes for gravitational perturbations. 

We see that the quasinormal modes of Bardeen space- 
time for a = -j= are very similar to the results obtained 
for the Schwarzschild spacetime which is very unusual 
since such a solution is obtained from Bardeen space- 
time by means a = 0. Thus it would be expected that 
the quasinormal modes would approximate the results of 



Schwarzschild spacetime for values of a close to zero. 

The results obtained for Hayward solution are charted 
on table |TJ We see that the imaginary part of the fre- 
quency has a little variation which means an approxi- 
mately constant damping of the quasinormal modes. On 
the other hand, we see that the results on table [IV] rep- 
resent highly damped modes and a rapid oscillation as 
well. Thus a regular black hole described by the function 
/(r), defined in subsection III C[ seems to reach a stable 
configuration faster than the others solutions. 

IV. CONCLUSION 

In this article we have analyzed gravitational perturba- 
tions of regular black holes, by calculating the quasinor- 
mal frequencies. Such results were obtained for three so- 
lutions of Einstein equations that represent regular black 
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TABLE I. Quasinormal modes of Bardeen space-time for a = 
0.3 . It was calculated in units of m. 
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0.794004 




3 


0.43043 - 


0.801644 












4 


0.41309 - 


1.034184 


3 





0.32484 - 


0.110464 


5 





0.59773 - 


0.11210i 




1 


0.31297 - 


0.337684 




1 


0.59043 - 


0.338664 




2 


0.29809 - 


0.56899i 




2 


0.57958 - 


0.56886i 




3 


0.27943 - 
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TABLE IV. Quasinormal modes for solution of subsection 
III CI using c = po — 1 and b = 0.2 . 
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TABLE II. Quasinormal modes of Bardeen space-time for a = 
— i= . It was calculated in units of m. 
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holes. To obtain the quasinormal modes it has been used 
third order WKB approximation which yields good re- 
sults when compared to accurate numerical technics, for 
low values of the numbers n and 1. 

The results are summarized in tables HI UH Mil and IIVI 
It is interesting to note that for Bardeen space-time it is 
much closer to Schwarzschild space-time for bigger val- 



TABLE III. Quasinormal modes for Bardeen-like solution of 
subsection III Bl using L = 0.5 . 
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ues of a than for values of such parameter closer to zero. 
The quasinormal modes for Schwarzschild were already 
known, for instance see table III of reference [l4|, thus 
such modes are not charted here. For a — Bardeen 
space-time is formally equal to Schwarzschild space-time, 
therefore it is such a surprise that the maximum allowed 
value of a approximate Bardeen and Schwarzschild so- 
lutions in what concerns quasinormal modes for gravita- 
tional perturbations. 
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